Abstract. The classical hypergeometric summation theorems are exploited to derive several striking identities on harmonic numbers including those discovered recently by Paule and Schneider (2003) .
A. Introduction and Notation
Let x be an indeterminate. The generalized harmonic numbers are defined to be partial sums of the harmonic series:
H 0 (x) = 0 and H n (x) = n k=1 1 x + k for n = 1, 2, · · · .
For x = 0 in particular, they reduce to the classical harmonic numbers: 
Given a differentiable function f (x), denote two derivative operators by
Then it is an easy exercise to compute the derivative of binomial coefficients D x x + n m = x + n m m ℓ=1 1 1 + x + n − ℓ which can be stated in terms of the generalized harmonic numbers as
In this paper, we will frequently use its evaluation at x = 0:
For the inverse binomial coefficients, the similar results read as 
In order to facilitate computation in the subsequent sections, we present a useful limiting relation concerning harmonic numbers. Suppose that λ, ν, n, k ∈ N 0 (the set of nonnegative integers) with k ≤ n and {P k (y), Q k (y)} are two sequences of monic polynomials with P k (y) and Q k (y) being of degree k in y, then there holds
In fact, it is not hard to see that
Q λk+ν (y) tends to one and H ny+k ≈ ln(ny + k) as y → ∞. Now rewrite the function in question into two terms
When y → ∞, the right hand side on the penultimate line tends to zero because the fraction is bounded and the difference in braces behaves like ln ny+k ny+n−k → 0; the last line tends to zero too for the fractional difference is again a fraction with numerator degree less than denominator degree in view of the fact that both P (y) and Q(y) are polynomials with the leading coefficients equal to one.
In general, let f n (k) be a function independent of y with the reflection property
then (A6) leads us, through summation index involution k → n−k, to the following limiting relation about harmonic number sums
There is a large class of functions satisfying this relation, for example
which will be used frequently in this paper for the limiting process.
As pointed out by Richard Askey (cf. [1] and [5] ), expressing harmonic numbers in terms of differentiation of binomial coefficients can trace back to Issac Newton. Following the work of two papers cited above, the present authors will further explore the application of derivative operators to hypergeometric summation formulas. Several striking harmonic identities discovered in [5] will be recovered and some new ones will be established.
Because hypergeometric series will play a central role in the present work, we reproduce its notation for those who are not familiar with it. Roughly speaking, a hypergeometric series is a series C n with term ratio C n+1 /C n a rational function of n. If the shifted factorial is defined by (c) 0 ≡ 1 and (c) n = c(c + 1) · · · (c + n − 1) for n = 1, 2, · · · then the hypergeometric series (cf. [2] ) reads explicitly as
There exist numerous hypergeometric series identities. However we are not going to have a full coverage about how they can be used to find harmonic number identities. The authors will limit themselves to examine, by the derivative operator method, only the classical identities named after Chu-Vandermonde-Gauss, Pfaff-Saalschütz, Dougall-Dixon and the Whipple transformation and exemplify the corresponding harmonic number identities accordingly.
B. The Chu-Vandermonde-Gauss Formulae
The Chu-Vandermonde-Gauss formulae [2, §1.3] (see also [3, Eq 2-1]) reads as
Under parameter replacement a → −n − µn and c → 1 + λn + x with λ, µ ∈ N 0 it is can equivalently be stated as the following binomial convolution identity n k=0 n + µn k
Applying the derivative operator D 0 to both sides of the last identity in view of (A3) and then simplifying the result, we get immediately a general harmonic number identity.
Theorem 1 (Harmonic number identity). With λ, µ ∈ N 0 , there holds
One interesting special case can be stated as
It can be further specialized, with λ = 0, to
Performing the parameter replacement
we may express it as a binomial identity
of the last identity, we get respectively the following harmonic number identities.
Theorem 2 (Harmonic number identity). For λ, µ, ν ∈ N 0 with λ > 1 + µ + ν, we have the harmonic number identity:
Theorem 3 (Harmonic number identity). For λ, µ, ν ∈ N 0 with λ > 1 + µ + ν, we have the harmonic number identity:
Theorem 4 (Harmonic number identity). For λ, µ, ν ∈ N 0 with λ > 1 + µ + ν, we have the harmonic number identity:
These identities contain the following interesting special cases:
Example 2 (λ = 2 and µ = ν = 0 in Theorem 2 and 3).
Example 3 (λ = 3, µ = 1 and ν = 0 in Theorem 2 and 3).
Example 4 (λ = 3, µ = 0 and ν = 1 in Theorem 2, 3 and 4).
This section will explore the Dougall-Dixon theorem [2, §4.3] (see also [3, Eq 3-4])
to establish harmonic number identities.
D1. Performing parameter replacement
we can reformulate the Dougall-Dixon theorem as the following binomial identity:
Applying the derivative operator D 0 to the binomial identity just displayed and simplifying the result, we find the following result. Example 7 (b = 0 and d = 1).
we can reformulate the Dougall-Dixon theorem as the following binomial identity: As applications, we give some particular harmonic number identities.
Example 9 (b = 0 and d = 1).
Example 10 (b → ∞ and d = 1).
Example 11 (b = 1 and d → ∞).
Example 12 (b = 1 and d = 0).
D3. Performing parameter replacement
Applying the derivative operator D 0 to the binomial identity just displayed and simplifying the result, we find the following result.
Theorem 7 (Harmonic number identity).
As applications, we give some particular harmonic number identities. 
n .
E. The Whipple Transformation
In this section, the Whipple transformation [2, §4.3] (see also [3, Eq 3-2])
will be used to derive harmonic number identities.
E1. Performing parameter replacement
we can restate the Whipple transformation as As consequences, some particular harmonic identities are displayed as follows.
Example 17 (b = c = d = 0 and e → ∞).
Example 19 (b = c = d = 0 and e = 1).
Example 20 (b = d = 0, c = 1 and e → ∞).
Example 21 (b = d = 0 and c = e = 1).
Example 22 (b = c = d = 1 and e = 0).
Example 24 (b = c = d = 0 and e = 1: n > 1).
Example 25 (b = d = 1, c = 0 and e → ∞). .
E3. Performing parameter replacement
Example 29 (b = d = 0 and c = e = 1: n > 0).
Example 30 (b = 0, d → ∞ and c = e = 1 ).
Example 31 (b = 1, d → ∞ and c = e = 0). As consequences, some particular harmonic identities are displayed as follows.
